CIIPABKA 3A TTOCTU?KEHUNATA
Ha Muxann MBanos Kpberanos,
Mpe/ICTaBeHN 3a yJacTHe B KOHKYPC 3a UJIeH-KOPECTIOH/IEHT,
obgaBen oT Buirapcka Akanemus xHa Haykure

Hpe,ZLCTaBeHI/ITe CTaTUuXd MOraT Aa Ce€ I'pyliupaT YCJIOBHO IIO CJI€JHUA HAYUH:

\Y% CTaTuu, B KOUTO C€ HU3CJae/iBa JOCTU2KUMOTO MHOXKECTBO Ha YIIpaBJIdeMHU CUCTEMMU:

CTaTI/H/ITe, B KOUTO Ce mu3cjeJBa JOCTUZXKMMOTO MHOXKECTBO Ha YHpaBJIdeMU CUCTEMU
ca ¢ womepa [1], [4], [8], [9], [10] , [15], [19], [41], [42], [44], [45], [46], [47], [49], [50],
[54], [58], [60] u [62] or npunoxkenus cnuchk ¢ nybaukanuu. B Tesum crarum ce us-
1IOJI3BAT Ppa3JIMYHU IIOJAXO0JU, U3UCKBAII PA3JIMYHHA IIPCAIIOJJIOKEeHU A 1 U310 I3BAHEC Ha
pPa3JIMdYHu TeXHUKH.

B crarugara [1]| e pa3riesana e HeMHeRHA yIpaB/asgeMa CHCTEMa, YUATO JFCHA CTPAHA
€ JINTIIIMIIOBO HellpeK'bcHaTa (DYHKIU 110 OTHOIIeHUe Ha ¢razoBuTe npomenansu. [Ipu
€CTeCTBEHH Mpe/IIOJIOKEeHNs € JTOKAa3aHO eJTHO HOBO YCJOBHUE 3a JOKAJIHA YIpaBJisde-
MOCT 3a MAaJKO BpeMe OT MbpPBU pej. EIuH TpuMepeH HeJWHeeH MpUMep WIIOCTPUPA
MPUJIOXKUMOCTTA Ha MOJTYYEHOTO PE3YITATH 3a U3CTIeIBAHE HA JOKATHUTE CBOMCTBA HA
JIOCTH?KUMOTO MHOZKECTBO Ha KOHKDETHU YIIPaBALEMU CUCTEMHU.

Caygasar Ha aHAJIUTHYHA cucTeMa (10 OTHOMIEeHHEe Ha (hAa30BUTE MPOMEHJIUBH), KOATO
e adUHHA IO OTHOIIEHHE Ha eJIHOMEPHO yupasJenue, e pasrienad B [54|. Tloaygeno e
HOBO HEOOXOIUMO yCJIOBHE 3a JIOKAJIHA YIIPABISIEMOCT 33 MAJIKO BpeMe OT BUCOK TO-
panbK. ToBa ycimoBue He 3aBHCH caMoO OT ajrebpata Ha JIu, mopojeHa OT BEKTOPHUTE
moJieTa Ha CUCTeMaTa, HO U OT MHOYKeCTBOTO OT JIONMYCTUMUTE CTOMHOCTH Ha YIIpaB-
stennero. [lokazan e npumep Ha LOJMHOMHAJIHA CUCTEMA, 338 KOATO TOBA YCJIOBHE €
HEOOXOUMO U J0CTaTbaHO. J[0Ka3aTeIcTBOTO € TEXKKO M Ce OCHOBAaBA Ha MOIXOJISINA
HUJIMTOTEHTHA arpoKcuMaIus Ha anarebpara Ha JIu w Ha Taka HApedIeHOTO "XPOHOJIO-
TUYHO CMsTaHe Ch3AaaeHo oT Arpader u [amkpenmase mpes 1993 .

B crarusra [§] ce usyduasa cBOWCTBOTO JOKATHA YIPABIIEMOCT 38 MAJIKO BpeMe B HY-
JlaTa Ha HeJIMHeifHa yhnpaBjseMa CHCTeMa, YUSTO € JIICHA CTPaHa € ¢ KOMIIOHEHTH,
KOUTO ca XOMOTE€HHHU OT BTOpa CTENeH MO OTHOIIeHe Ha (ha30BUTE TPOMEHINBA U KOH-
CTAHTHU 110 BEKTOPa Ha ympassenuero. M3non3saiiku popmynara na Campbell-Baker-
Hausdorff ca momyuenn monuparesHu BEKTOPHHU MOJIETA K'bM CHOTBETHOTO JOCTHKIAMO
MHOYKECTBO B Hy/j1ata. Karo cjiecTBue OT TO3U PE3y/ITAT € MOJIYUIeHO eIHO HOBO JI0CTa-
THIHO YCJIOBUE 32 JIOKAJIHA YIIPABISIEMOCT.



CBoiICTBOTO JIOKATHA YIIPABIAEMOCT 33 MAJIKO BpPEMe € eHO OT OCHOBHHTE CBOHCTBA,
U3y4YaBaHU B TEOPUATA Ha YIIPABISEMUATE CUCTEMU. 10 e U3CaeBAaHO HAIbJIHO 38 CJIy-
yasg Ha JUHEHHU CHCTeMHU. 3a cjaydad Ha HEJHHEHHH CUCTEMH UMa TOJIAMa IPa3sHuHA
MEXKJIY C'bIIECTBYBAIIUTE HEOOXOAUMH M JIOCTATHIHN YCJIOBHS 32 YIIPABISIEMOCT.

Jla pasriemamMe ciegHaTa HeJHHeHA yIIpaBisgeMa CHCTEMA:

2(t) = folz(t)) + u(t) fr(z(t)), 2(0) = o, (1)

KbIETO pa3oBaTa IPOMEHINBA T NPHHAIIEKH Ha TJIaIKOTO MHOroobpasme M, xq e
dbukcupana Touka or M, fo u fi ca riajaku Bekropuu nojera, karo fo(rg) = 0. Cuc-
TeMH OT TO3M BHJ, Ca BayKHU IPH MOJEJUPAHe HA PA3INYHU JUHAMHYIHH ITPOICCH.

Honycrumu yupasjienus ca usmepumure 1o Jleber dyukium u, jepUHAPDAHT B KOM-
nakren unrepsas ot suga (0,7, T > 0, xaro u(t) € [—1, 1] 3a mourn Besko ¢ ot [0, 7T7].
C U e o3HaUaBaMe MHOXKECTBOTO OT BCHUYKH JOIIYCTUME ylipaBienus. Tpaekropus Ha
(1), nedbunupana B [0, T|, TpbrBaia oT TOYKATA T U CHOTBETCTBAIIA HA JOMYCTHMOTO
yIIpaBJIeHne 1, Ce Hapuya BegKa abCoTIOTHO HempekbeHaTa dbyukuus x(t), t € [0, 7],
ynossierBopsiBatia (1) 3a mouru Besiko t or [0, 7). Jocruzkumo muokectBO R(20, 1) Ha
(1) ¢ magano xo B MomerTa T’ > 0 ce neduHIpPA KATO MHOYKECTBOTO OT BCHIKH TOYKH,
JOCTHZKUME 3a BpeMe T 0T TovkaTa To 110 TPAEKTOPUH Ha ynpasisgemara cucrema (1).
Cucremara (1) ce mapmda JOKaJIHO yrmpasisema 3a Maiko speme (JIVMB) B Toukara
Ty, KO T( TPUHAJJIEKN HA BHTPEITHOCTTA Ha MHOKeCTBOTO R (%o, T") 3a Besiko T > 0.

CBoiCTBOTO JIOKAHA YIPABASIEMOCT 3a MAJIKO BpeMe Ha yipapJisemara cucrema (1)
€ JIOKQJTHO CBOMCTBO B CJydas Ha OrpaHuyuenn ynpasjenus. ETo 3amo moxem 06e3
OrpaHWYeHre Ha OOIHOCTTA Ja mpejnoiarame, e ro € R" u Bekropuure noJera fo u
f1 ca nedpuHUpaHN B KOMIAKTHA OKOJTHOCT HA TOYKATA L.

[Ile matocTpupame U3MOA3BAHUTE JUEPEHIINATHO-TEOMETPHIHN METOAN KaTO IPe/I-
CTaBUM OCHOBHUs pe3ysarar B crarudara [39]. Jobpe u3pecren Gakt e, de 3a aHAJIUTHY-
HU cHCTeMH OT Buja (1) JIOKaJTHUTe CBOWCTBA HA JOCTHKUMOTO MHOXKECTBO Ce OIpe-
JIeJIAT OT CKOOKHUTe Ha JIu Ha BeKTOpHUTE mojera fo u fi, IpecMeTHATH B TOUKATA (.
Tesu croitHocTH MOTAT Ja C€ U3UUCASABAT HEIIOCPEICTBEHO.

[Monyuenusr pesyarar B crarusra [39] e e1H0 HOBO JOCTATHIHO YCJIOBUE 34 JIOKAJIHA
yupasiasgemoct. OcuoBuara ujes e ciaegnara. Pazriexaame dhaMuansara

W: {f0+Ckf1 Qe [—1,1]}

OT IIaJIKM BEKTOPHH IoJieTa. JIecHO MOXKe J1a ce joKazke, de anreodpara Ha JIu, mopoje-
Ha OT eseMenTHTe Ha VW, ¢bBhaja ¢ aarebpara va JIn L(f), nopogeHa ot BeKTOpHUTE

—

nosera fo u fi. Uaryurusno moxeM ma cu mucanum 3a “Jlu rpymara” G(f) ¢ aarebpa
ma Jlu L( f ), 1 na gedunupame “ueiicteuero”’ Ha g(]‘?) BBHPXY (Ha30BOTO MPOCTPAHCTBO.
Bceeku enement g na G( f) e KOMIIO3UIMS HA €KCIIOHEHTH OT Buja exp (t; g;). Pesynra-
THT ¢ - Tog OT JEHCTBUETO HA ¢ BBPXY TOUKATA T( € TOYKA, MOJYIeHA OT TOUYKATA Xg,
KAaTO Ce JIBUZKHUM 110 HHTEI'PAJTHE KPUBHU Ha €JIEMEHTH OT MHOXKeCTBOTO YV, KaTo ce Ji0-
MyCKa MIPEBKJII0YBAHE OT €/IHO BEKTOPHO T10JIe HA JPYT0, KAKTO U ABUKEHUE “HA3a/l BbB
BpeMeTo”. Bemukn KpaiiHu mpousBeieHns Ha eKCIIOHEHTH OT Buaa exp (t; g;), K'bIeTo
t; > 0wu g; € VW ca UCTUHCKH TPAEKTOPUU HA Pa3rjieKIaHaTa CUCTeMa U 00pa3yBaT

— —

nonyrpynarta S(f) na G(f). ToraBa JOCTHKHMOTO MHOXKECTBO C HAYAJIO TOUYKATA T



— — —

cbabpxka S(f) - xo. Heka ¢ H,,(f) o3mauum n3orponnara noarpyna va G(f) B Touka-
Ta To, T. €. Hao(f) := {g €eG(f): g-xo= xo}. Torasa, ako Bbrpermuoctta Ha S(f)

—

chabpka enement Ha Hy (f), TO Toukara o mie Gbae pbrpemaa Touka Ha S(f) - o.

B crarusra [39] Tasu ujges e peanmusupana 1mo eauH GOpPMaeH HAYNH, KATO Ce W3O/
3Ba abCTPAKTEH MOJXO0Jl, OCHOBAaH Ha pe3yiraru Ha ArpadeB u [amkpesaunnze (1978) u
ua Cycman (1983 u 1987). M3moa3BaneTo Ha TO3M MOJXOJ, O3BOJISABA Ja MPEOIOIEEM

—

TPYAHOCTTA, TpeIu3BUKaHa OT (akTa, e anredpara na Jlu L(f) e Geskpaiinomepna
B 001U cirydail u Q(f) HE € KOpeKTHO JeduHupaHa Ipyma Ha JIu. 3aToBa, BMECTO
JIa M3M0JI3BaMe E(f), Hue u3noJ3BaMe popMaiHo ¢cBoboHATA anaredpa Ha Jln E()Z'),
nopojeHa ot eaemerntTure Xo n Xq, KAKTO 1 HeifHaTa 00BUBKa — ajaredOpara Ha JIu EN()?)
ot ¢popmasinu pejsioBe oT ckoOku Ha JIu na Xg u X;. ToraBa ynpasjienusgra Morart ja ce
Bi10zkaT B notyrpynara S(X) na G(X) upes uso6pazkenue, KOeTo ChIOCTABS HA BCAKO
yIpaBJIeHNe eIMH HEKOMYTAaTHBEH pell, KOWTO ce MoIydaBa dpe3 (pOpMaIHO pelraBaHe
na cucrtema OJLY B Tepmununte Ha Xy u X; BMeCTo [1a ce U3MOI3BAT I3JEHUTE BEK-
TopHE noaera fo u fi. Tbit kato G ()Z' ) He e HCTHHCKA Ipyna Ha Jlu, HHe u3moa3BaMe
HeffHa HUIMOTeHTHA ampokcuManusg GV ()Z' ), KOATO ce TOAyYaBa upe3 aHyJIupaHe Ha
BCUYKHM CKOOKHU Ha JIu ¢ jibjkuna no-rojisima or N, Kbiaero N e J0CTaTbiHO T'0JISIMO
ecrectBeno uncao. Cera QN()?) e KOpekTHO neduuupana rpyna na Jlu. O3nagapamve

¢ SN(X) neiinata ¢HOTBETHA MOIYTPYTIA.

3a Ja MOJYyYUM JOCTATBIHO YCJIOBHE 32 YIIPABISEMOCT, H3IOJI3BaMe (aKTa, de BbT-
pemnocrra na SN ()2 ) CbAbPZKA €KCIIOHEHTa OT JHHeiiHa KoMOHHANNS HA “/10I11 CKOO-
ku na JIu’. Te3n ckobOkm Ha JIu ¢babpkaT BCUYKH BH3MOXKHE IPEYKH 3a JIOKAJIHA
ypapisieMocT. AKo Bestka Jiora ckobka Ha JIu Mozke jJa Obje “HeyTpaimusupana” (T. e.
BCdKa, JIOIIa CKOOKa Ha JIum MoxKe 1ma Obae m3paszeHa KarTo JIMHEiHa KOMOMHAIUS Ha,
ckobOku Ha Jlu ¢ mo-masuo “r-tersmo”’ (ToBa moHgarue e NebUHUPAHO B CTATHATA), TO
yIpaBjsieMara CUCTEMa € JIOKAJIHO yIPaBJ/IsSeMa 32 MAJIKO BpeMe B TOUKaTa To. BebIi-
HOCT TOBa € OCHOBHATA U Ha, JIOKA3aTEJICTBOTO Ha JOCTATHBIHOTO yeaosue 3a JIY MB,
nokazano or Cycman mpe3 1987 1. 3a ga ce “peanm3upa’ r-TerJioTo Ha eIHa CKOOKa
na Jlu, ce usnon3sar haMUIUU OT JOIMYCTHMHU YIPABJICHUS, MapaMeTPpU3UPAHH Upe3
TAXHATA CTOMHOCT U JbJIKHHATA Ha WHTEPBAJIA, KbIETO Te ca JePUHUPAHH.

KakTto e mokazano ot Kackn mpe3 1988 1., ¢bIllecTBYBAT yIpaBasgeMu CACTEMH, KOUTO
ca JINVMB, Ho camo ciien n3nmoa3BaHe Ha JOMYCTUMH YIpPaBJIeHHS ¢ O€3KpaitHO MHOTO
MOMEHTH HA MPEBK/IOYBAHE, T. €. C W3MO0J3BaHE HA JOMYCTUMU yHPABJICHHS, THIATO
Opoil Ha MPEBKJIIOYBAHUS KJIOHA KbM 0E3KPARHOCT, KOTaToO JIbJXKIUHATA HA JTe(DUHUTIH-
OHHHS UM HHTePBAJ KJOHH KbM HyJa. 3a Ja 0OACHUM To3U edeKT, H3I0I3BaMe eTHa
uaess Ha ArpadeB u [amrpennnze or 1993 r. Vzdbupame eaHO TPOM3BOIHO MHOMKECT-
Bo Il or ckobku Ha JIu Ha CN()Z'), TaKuBa 4Ye cBobojaHaTa aJredOpa Ha JIu, mopomena
or ejnementure Ha I, cbiabpzka Bcuuku Jiomm ckoOku Ha JIu. V3nonssaiiku dakra,
1@ eKCIIOHeHTa Ha JuHeiiHa koMmOunarmsa © ot jomm ckoOku Ha JIu mpuHa Ie)u Ha
BLTpenHoCTTa Ha SV ()? ), MoJIy9IaBamMe, Y€ eKCIOHeHTa Ha cyMaTa Ha © W HOIXOIIA
JAuHefHa KOMOUHAIIA OT ejeMenTH Ha I1 cbimo npuuaiesxkn na SV ()Z' ). O3nauaBame
c S ()Z ) MOIyTpymaTa, ChCTOSIA Ce OT BCHIKHA KPAWHU KOMIIO3HIUHE HA TE3H EKCIIO-
nenti. Torasa S (X) C SV(X). B craruara [39] ce usyuasa nomyrpynara Sy (X) u e
JIOKa3aHO, Ue eKCIIOHEeHTa Ha JuHeiHa KoMOuHanusa Ha HoBH “Il-nommu ckobku Ha JIn”
IPHHAIeKH Ha MHOKECTBOTO S ()Z' ). Ako Besika egra o Te3n Il-momm ckobku Ha



JIu moxke j1a 6bae “Il-neyrpanuzupana’, 1. e. Besgka Il-yoma ckobka wa JIn Moxke j1a
O'b/le M3paseHa KaTo JuHeliHa KoMOWHaIMsT Ha cKoOKH Ha JIu ¢ no-masko “(r, o)-rerno”
(mousituero (r,o)-Terao cbio e JeUHUPAHO B CTATHITA), TO MOJydaBaMe MHOXKeC-
TBO OT “BapHalliid Ha YIIPABIECHHETO KbM JOCTUKUMOTO MHOXKECTBO. VHTYHUTHUBHO,
AaKO MO2KEM Jla IIOCTPOUM BapUallui Ha YIIPpaBJEHHUETO BbB BCUYKU B'b3MOXKHU 110CO-
KU, TO JOCTHKUMOTO MHOYKECTBO Ie ChIbpPrKa OKOJHOCT HA HAYAJHATA TOUKA. 10OBA
HHTYUTHBHO TPEJIOIOKEHNE € JT0Ka3aHo ¢Tporo B [39)].

B cratusTa [39] e gedunupan KoHyc, HOPOJEH OT BAPUAIMA HA YIPABJICHHS C Ge3-
KpailHo MHOIO MOMEHTH Ha INpeBk/aouBaHe. OKa3Ba ce, 9e TO3M KOHYC € H3I'bKHAJ.
Tyk TpsgbBa mga orbesiekuM, Ue He BCHUKU M3BECTHU B JHUTEPATYPaTa KOHYCH OT Ba-
puanuu Ha yHpaBjeHuero ca uslbKHaym. Hanpumep, buankunu u KaBcku mokasBar
npe3 2003 1., ye KOHYC'HT OT BapHaIluyd Ha YIIPABJIEHUETO, TOJ00HN HA KJIACHYECKUTE
“urnmeHn’ BapHallud, He e U3I'bKHaJ. EcrecTBeHO e j1a orbese:kKuM, de 3a jla peasin-
3upaMe Bapualus Ha YIpaBjieHus ¢ O6e3KpailHo MHOIO MOMEHTH Ha IIPEBKJIIOYBAHE,
ce M3MOJI3BAT (PAMUINK OT JOIMYCTUMHU YIIPABICHU, HapaMeTPpU3UPAHUd Upe3 TIXHATa,
CTOMHOCT, IbJIZKMHATA HA UHTEPBaJIa, K'bJIEeTO Te ca JepUuHUpaHu U 110 OPOsd Ha TEXHUTE
M PEBKJIIOYBAHUS.

N3cienpareTo Ha JOKATIHATA JTOCTHKUMOCT Ha €1HO 3aTBOPEHO MHOYKECTBO S 1O OTHO-
[IeHNe Ha TPAeKTOPHUTE Ha eHO AudepeHIINAIHO BKIIOUBAHE € H3KII0YUTEeIHO BayKHA,
3a/1a49a, 0COOEHO KOTaTo ce U3ydaBaT JUHAMUYHH CHCTEMHU B YCJIOBHS Ha HEOIpeeie-
HOCT, T. €. KOTaTO HAKOU JAaHHHU M IapaMeTpH He MOTaT Ja ce ompeaenadaT TouHo. Tazum
3aja4a He MOXKe jia O'bje CBeJeHa /10 3aja4daTa 33 JIOKAJIHA YIPABISIEMOCT 33 MaJIKO
BpeMe BbB BesIKa To4UKa oT S. [IprwdanHaTa ce Kprue B TOBa, 9e JOKATHATA, JOCTHKIMOCT
Ha €JIHO 3aTBOPEHO MHOXKEeCTBO 3aBHCH He caMO OT JUHAMHUKATA Ha yIpaBageMaTa CUC-
TeMa, HO H OT T'eOMeTpHITa Ha pas3liIeXkJIaHOTO MHOXKecTBo. ETo 3amo Tasm 3amada
3acayzKaBa OTAEJTHO U3ydaBaHe.

Jla pasriegame cjieHOTO JuepeHInaIHO BKIIOYBAHE:

(1) € F(x(t)), (2)

Kbjero F' @ R" = R"™ e mHorosnadno uzobpazkenue. Bbpxy ToBa M300pazkeHue He
HaJlaramMe HUKaKBH YCJIOBHUS 3a HEIIPEKbCHATOCT, Thil KATO U3MOJI3BaMe IOIX0, OCHO-
BaH Ha MOJXOJINO JepuHupany Bapualuu Ha yupasjienuero. Pa3inynu npumepu Ha
KOHKDETHHU yTPaBJIseMH CHCTeMH ca pa3rieqann crarunte [49] u [50].

Heka S e 3arBopeno mogmuoxkectBo Ha R". Kazsame, 1e S e H0CTHKUMO 33 MAaJIKO
BpeMe [0 OTHOIIeHHe Ha JudepeHumagInoTo BKIUYBaHe (2), ako 3a Besko T > 0
C'bIIECTBYBa OKOJHOCT §) Ha S, Taka 4e 3a BCIKA TOUYKa o € () C'hIIECTBYBA JIOMYCTUMA,
TpaekTOpusl Ha (2) ¢ HAYATHA TOYKA T U JOCTUTAINA MHOMKECTBOTO S 3a BpeMe He
no-roamo ot T, 1. e. R(xz,t) NS # () 3a naxoe t € [0, T].

Exano or Haji-4ecTo M3MOA3BAHUTE JOCTATHIHNA YCJIOBHS 34 JIOKAJIHA JOCTUKAMOCT Ha
3aTBOPEHO MHOYKECTBO € Taka HapedeHoTo yciaosne Ha [lerpor (1976). T'py6o kazaHo,
TOBa YCJOBHE M3MCKBA BbB BCSAKA TOYKA OT OKOJHOCT Ha MHOMKECTBOTO S jia C'bIIec-
TBYBa JOIYCTHMAa CKOPOCT, “HacodeHa’ KbM MHOXKECTBOTO. 3a Ja opMyIupaMe TOBa
YCJIOBHE CTPOrO, Ie U3I0Ja3BaMe ciejnuTe o3Hadenns: Heka S e 3aTBOpeHO U OrpaHu-
1eHo moaMHOXKecTBO Ha, R". [loparame

S, = {yeR": ds(y,S) <r}, xpaero ds(y) = inf {[ly—s|: seS}.
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Axko x e mpousBosiHa Touka ot S, \ S, o3HAYaBaMe C
H(z) = {yesS: |y -] =ds(z)}

MHOZKeCTBOTO OT BCHMYKH METPHYHHU IMPOCKIUN Ha TOYKaTa T BbPXY MHOXKECTBOTO S.

Heka y npunaniexxkum Ha rpamumara 0S5 Ha MHOXKecTBOTO S. Bektopnr £ € R™ ce
Hapru4a NPOKCUMAaJHA HOpMaJia KbM S B ¥, aKO ChIIECTBYBa I > (), TaKa ue TOYKaTa Y e
Haii-0/u3KaTa Touka T S 110 Yy + ré. MHOXKECTBOTO OT BCHYKHU IPOKCUMATHE HOPMAJIN
B TOYKATA Yy € KOHYyC, KoifTo mie o3nagaBame ¢ NE5(y). Ilpu Tesn o3madenusi MokeMm
Ja dbopMmysupaMe JOCTaTbaHOTO yeaoBHe, jokasano or Besbos (1994), u Kuapk u
Bosencku (1996) no coennust HaunH:

Heka S e menpa3uno KOMIAKTHO mOAMHOXKeCTBO Ha R, F': R™ = R" e HenmpekbCHa-
TO MHOT'O3HAYHO M300paykKeHwe ¢ MOJYJ Ha HEMPEKbCHATOCT W, YAUTO CTOWHOCTH Ca
U3IIbKHAJN KOMIIAKTHE HoMHO)KecTBa Ha R". Heka cbimectBysa 0 > 0, Taka 1e 3a
BCAKO Yy € S u Besiko £ € NE(y) ebuiectyBa v € F(y) 3a KoeTo

(§v) < =o€l (3)

ToraBa ce TBBPAU, e S € JIOKATHO JOCTUZKIMO 33 MAJKO BPEME MO OTHOIICHHE Ha
MubepEeHITATHOTO BKIIOUBaHe (2).

Yeaosuero (3) e TBbpae cuiHo. KakTo e mokasano B crartus Ha Bembon (1997), To-
Ba yCJIOBHE € €CKBUBAJICHTHO Ha JIMIIIIWIOBaA HEIIPEK'bCHATOCT HA beHK]_[I/IHTa—BpeMe 3a
JOCTUTaHe JI0 IpaHunara Ha MHOKecTBOTO S. OCBEH TOBA, aKO HEPABEHCTBOTO (3) e
HAPYTIIEHO B 'PaHUYHATA TOYKA Y Ha S (HApUMep, KOraTo BCHIKH JOMYCTHME CKOPOC-
TH ca “monupaTesHn’ KbM MHOXKECTBOTO S B TOUKATA ¥ ), HUE HE MOYKEM JIa TPIIOKUAM
TOPHHS PE3YJITAT.

B cratugra [37] ca qeduHUpaHn BAPHAIMH HA YIIPABJIEHHETO OT BUCOK PEJ U €A TIPe/I-
cTaBeHU HAKOM TeXHU cBoWcTBa. 3momsBaiiku Te3n Bapuanuu, € n3cae/1Bana JoKaTHa-
Ta JOCTHXKUMOCT Ha €IHO 3aTBOPEHO MHOZXKECTBO S 110 OTHOIIEHHETO HAa TPACKTOPUHUTE
Ha eJHO JAudepeHIuaHo BKIo4YBane. /[okazano € J0CTaTbaHO YCJIOBHE 3a JIOKAJHA
JOCTHZKHUMOCT, KoeTo 00o0maBa pesyiarar Ha Mapuronma (2006) B 1Be HAlpaBJIEHUS:
1) He ce HaJaraT HUKAKBU YCJIOBHsS 33 PErYJISIPHOCT BbPXY MHOMKECTBOTO S; 2) J0Ka-
3aHO € yCJOBHE OT THUIa Ha YCJoBHeTO Ha IleTpoB oT BHCOK per.

B craruure [4], [9], [10], [15] u [26] ce u3caeapa 3amaum Ha ONTUMAJIHOTO yIIpaBJIe-
HUE U TAXHATa 9yBCTBUTEJIHOCT 110 OTHOIIEHUE Ha I'PEIHKU OT U3MEPBaHUATA, KAKTO U
IO OTHOIIEHHNE Ha IIPOMEHH Ha CTOMHOCTHTE Ha Pa3JInIHU IIapaMeTpPH. MSHOHSB&HI/IHT
IOAX0d, M3IOJI3Ba Pa3JIMIYHU CbhbBPEMEHHU IMOHATUA W METOAU OT HEIVIaAKUd BapHUa-
[IMOHEH aHaJm3. 3a WIOCTpalus Ie pasriename cratusara [4]. B Hes e pasrienana
HeIpeK'bCHATA 33/Ia9a 3a ONTUMATHO YIPaBJIeHNe Ha CHCTEMA C HeJMHeHA TUHAMHUKA,
UHTErPaJIHA Le/ieBa PYHKIU, O'PAHUYEHUS] BbPXY YIPABJIEHUETO U IIPOMEHSIIIL Ce€ BbB
BpPEMETO TMapaMeTbp, KOHTO MpejcTaBisdBa CMYIIEHUS WM HECUT'YPHOCT. Ta3u 3aja-
1a e guckpermsupana. Cien ToBa e perrena ¢ momornTa Ha Meroma model predictive
control (MIILI merox). [TosiyaeHOTO ONTHMATHO YIpaBIeHHE 33 TUCKPETHATA 3a/a9a
e MpuJjiara K'bM HeMpPeKbCHATATA CUCTEMAa CAMO B I'bPBUS MHTEPBAJ Ha JTUCKPETU3a-
Usi, U3MepBa Ceé CbCTOSHUETO HAa HENMpeKbCHATaTa cucTeMa (IIPH KOETO ce JOIMyCKa
M3BECTHA IPeIKa) U OTHOBO Ce pernaBa JUCKPeTHATa AlPOKCHMAINS ¢ MOMOIITa Ha



MIIIT merona. Tasu nporeaypa ce noBTapsd BbB BCUYKH CJIEABAIIN JTUCKPETHU UHTED-
Basin. B Tasm cratug e moJiydeHa OlEHKA Ha T'PENTKaTa B 3aBUCHMOCT OT CT'hITKaTa Ha
JIACKPeTH3alys, KATO Ca OTYeTeHW U I'PENIKUTe OT H3MepBaHeTo. YHC/IeHn mpuMepn
WIIOCTPUPAT MOJTYUYEHUTE PE3YITATH.

Haxkpas me orbenexxum u pesyiarara, noayden B [19]. ToBa e eqHo HOBO HEOOXOIUMO
yCJOBHE 3a ONMTUMAJHOCT OT THWIA Ha MPUHIHNNA Ha MakcuMyma Ha [lomTparwn 3a
JINCKPETHA YIIpaBIsgeMa CUCTeMa, pa3riie/lana Ha 0e3KkpacH BpeMeBu uuTepsas. 1 padsa
Jla oJ4epTae, e TOBA € MbPBOTO HEOOXOJAMMO YCJIOBHE 33 ONTHMAJIHOCT, IPH KOETO
cIperHaraTa IpoMeHJuBa e jedunupana sapuo. OcHOBHATA HJjesd Ha TO3H PE3YJITAT
e 3aMMCTBaHa OT momobeH pe3yaraT Ha AceeB m BeboB, mosydeH 3a HeNpeKbCHATH
ympapasgeMu cuctemu npes 2014 .

CTaTHUM, B KOUTO C€ U3CJeJBaT MOJEJIN Ha OHOTEeXHOTOTHYECKA IIponeCH:

CraTuute, B KOUTO ¢e U3CJAeIBAT MOJIEIN Ha OMOTEXHOJIOTHIECKH MPOIIECH Ca ¢ HOMepa
[2], [11] , [12], [13], [16] , [18], [20], |23], [24] , [28], [30], [33], [36] , [38], [43] u [48] oT npwu-
JIOYKEHHSI CIIUCHK ¢ MyOJUKAIUNA. 331a9aTa 38 CTaOWIN3UPYyEeMOCT HA MATeMaTHIeCKN
MOJIEIN Ha, OMOIIPOIECH € BayKHa OT IJIeJHa TOYKA HA MPAKTHKATA BbB BP'b3Ka ¢ ONTH-
MaJTHOTO M3MOI3BaHE HA PA3JIHIHH OMOpeakTopu. 3a HEifHOTO W3ydaBaHe Ce M3MOJI3BA
borar amapar OT MaTeMaTu4deckKu cpejicrsa. OcobeHO BazKHO € M3IO0JI3BAHETO Ha TeX-
HHKH OT MaTeMaTHYecKaTa TeOpHs Ha YIPABJIEHHETO KATO HAIIpPUMep cj1ada U CHIHA
MHBAPUAHTHOCT II0 OTHOIIEHHE Ha TPAGKTOPHUTE HA YIPABISEMH CHCTEMH, TEOPUSITA
Ha aCHUMIITOTHYHATA CTa6I/IﬂI/ISI/IpyeMOCT 1 ylupaBJadeMOCT Ha HeJINHEeTHU YiipaBJjdeMu
CUCTEMU H JIP.

CrarusiTa [2] e mocBerena Ha u3caeaBaHe Ha JByMepeH (6a30B) MOIe Ha GHOPEAKTOD
3a aHaepPOOHO OMOJIOTHYHO Pa3jiaraHe Ha OPTAHWYHU OTTAIbIU, CBbP3aHO C J00UB HA
6uoras (MeraH)

ds

5 = u(Sin — 8) — kpx
d

L

Q = k‘g,ul',

KbIeTo (ha30BUTE HPOMEHJIMBU S§ U X O3HAYABAT CHOTBETHO KOHIIEHTpAIMs Ha CyO-
cTpar u Omomaca, S;, € KOHIEHTpAaIlus Ha BXOmHHS cybcTpar, () € CKOpPOCT Ha J0-
6uane Ha Oworas, p = pu(s) e cnenududHa CKOPOCT Ha pacrexk Ha Guomacara, ki
un ko ca KoedHIIMEHTH, a U € CKOPOCT Ha pa3perkIaHe B OHMOpeakKTOpa W € yIHpaBJsi-
eM BXOJI. MoJesrbT e U3CjIeiBan Ipu Hali-o01H npenoaoxkenus 3a GyHkuuara fi(s)
1 OCTAHAJIUTE MapaMeTpH, IpHeMaiiKu, 4e Te He ca M3BECTHH TOYHO, a Ce 3HAAT CaMo
rpaHuiy (HHTEPBAJIN), B KOUTO Bapupar. IIpejioxkeHa € YacCTHIHO IIOCTOSIHHA 06paTHa
Bpb3Ka (anri. piecewise constant feedback) 3a riobasina cTabuIM3UPyeMOCT Ha perie-
HUsITa K'bM IPeJIBApUTETHO W30paHa omeparuBHa (paboTHa) Touka. V360pbT HA Tasu
TOYKA 3aBHCH OT M3BECTHUTE €KOJIOIMIHH HOPMH 33 3aMbpPCEHOCT Ha cpemaTa. llpu-
JIOZKEH € AJITOPHUTHM 33 ThPCEeHE HAa eKCTPEMYM C IIeJl MAaKCHMHU3MpaHe Ha J0OHBa Ha
MeraH. IIpeacTaBenn ca YHCIOBH €KCIEPUMEHTH KATO WIOCTPAIUS HA TEOPETUIHUTE
n3CcjaeaBaHud. HpOBe,ZLeHI/ITe KOMIIIOT'bPpHU CUMYJlalUuU IMOTBbPzK/JaBaT TEOPpETUYIHHUTE
pe3yaTaTu.



B crarunte [31], [32] u [38] e uscnensan npyr ocnosen (6a30B) 4eTHPUMEPEH MOJIEJ
Ha OMopeakTop 3a aHaepoOHO pasjiaraHe Ha OPTAHWYHU OTHAIBIN W J00WB HA OUOTa3:

ds ;
ditl = u(s] —s1) — ki
el — ou)x
dt i '
ds ;
d72 = u(sy — s2) + kop1z1 — k3pamy
dva )
dt = 2 au)xro
Q = k‘4,u2$(32;

TYK sil, Sé ca BXOJIHM KOHIIEHTPAIMU Ha JIBa BUJIA CyOCTpATH, S1, So Ca KOHIIEHTPAILMU
Ha cyOCTpaTuTe, T, Ty Ca KOHIEHTPAINK Ha Onomaca, () € CKOPOCT Ha M3BEeKIaHe Ha,
ouoras, (1 = p1(s1) u fo = pa(s2) ca crnermuduaHT CKOPOCTH HA pacTexk Ha GroMacara,
ki,i=1,...,4, ca KoepbHIIUEeHTH U U € CKOPOCT Ha pa3perkjiaHe B OMOpeaKTopa, KOATO
€ yIIpaB/IsBallla ITPOMEH/INBA.

Tosu mosiest onucsa jBydaseH HPOIec, KaTro IIbPBUTE JBE ypPaBHEHUs IPEJICTABIAT T.
Hap. acujoreHHa ¢asa, a BTOpuTe jiBe — MeTaHorennarta ¢asza. Ha npakTuka mbpBara
dasza (amumorenesara) e MHOTO M0-Obp3a OT BTOPATa; HEINO TTOBEYe, METaHOreHe3aTa
MOKe Jia ObJe HHXUOUpaHa, KOETO € OIPeIessIno 3a Me/JTud IpPOoIec.

3cnenBana yeTORYABOCTTA HA PABHOBECHUTE (CTAIMOHAPHUTE) TOYKH Ha MOJEJA B
3aBHCHMOCT OT mapaMeTbpa u. [lokazaHo e, de ¢hbIecTBYBaT MECT PABHOBECHUsI, KOUTO
Ipy U3MEeHEeHUue Ha U BOISAT JIO TOosiBaTa Ha oceM Oudypkarun. ToBa CJI0XKHO MOBE/Ie-
HUE TI0Ka3Ba, Y€ YIPABJIEHUETO Ha MPOIEeCa C MOCTOSTHHA CKOPOCT U € MPAKTHIECKN
HEBB3MOXKHO. EJIMHCTBEHUAT M3X0JI € Jla ce IOCTPOM OOpaTHA BpPb3Ka, KOATO 3aBH-
CH OT ChCTOSHHUATA Ha CUCTEMAaTa B HpeAxojleH MOMeHT. Hemro moBede, Ha mpakTHKa
ce OKa3Ba MHOTO BayKHO oOpaTHaTa Bpb3Ka JIa 3aBUCH OT U3MEPUMHU B PEAJHO Bpeme
npoMeHIMBU. B crarusTa TO3W BBIPOC € PeIeH, KaTo € MPeIo/I0ZKeH0, 1€ MbPBaTa
daza Ha mpoIeca Bede e CTabMJIM3NpaHa 1 € TpeJI0KeHa oOpaTHa BPpb3Ka, KOATO CTa-
6unusupa Bropara (asza KbM mpeaBapuTesiHo u3bpaHa (6uosormdecku 0OOCHOBAHA )
paboTHa TOYKa. /lokKazare/jcTBOTO ce HDa3upa Ha IOCTPOsiBaHe Ha sBHA (PYHKIUS Ha
JIanmynoB. V3nossBaiiku ¢dakTta, 9e paboTHATA TOUYKA MOXKE Ja ce U30Hpa IIPOU3BOJI-
HO, € IIPUJIOZKEH aJrOPHTHM 3a ThpceHe Ha ekcrpeMyM (extremum seeking algorithm),
KOWTO cTabm/In3upa CUCTEMaTa B TOYKATA HA MaKCUMaJieH 100uB Ha Ouoras. Pasriex-
JIAHUSATA Ca HAMPABEHW 33 CJAydYasi, KOTaTO TMapaMeTPUTe HA MOJE/]A He Ca W3BECTHH
TOYHO, & Ce 3HadAT CaMO IPAHUIU (MHTepBaIHN) 3a TAX. AJTOPHUTHMBT € peaTu3upaH
nporpamuo B CKA Maple 13 u ca npoBeeHn KOMIIOTHpHA cuMyaanun. Cien 3a1b-
00YeH MATEMATUYCCKH AHAJIM3 HA FOPHUS JIMHAMUYEH MOJIEJ € HaMePeHa A alTHBHA
obpaTHa Bp'b3Ka, KOSITO CTaOMIN3MPA IsjiaTa deTupuMepHa cucrema. 1 psioOBa j1a orhe-
JIEXKUM, 1€ aJalTHBHATA 00PaTHA BPB3KA 3aBUCH CAMO OT U3MEDPUMU B PEAJTHO BpPeMe
Bestmuunu. ToBa CUIHO yBe/JIUYaBa BH3MOXKHOCTHTE 33 U3I0JI3BaHe HA ITOJTYIECHUTE Te-
OpeTHYHH pe3yaTaru. JlokasareJcTBOTO 3a IVIODAJIHA CTADHIU3UPYEMOCT OTHOBO €€
OCHOBaBa Ha MOCTPOSBaHe Ha SIBHU (hYHKIUU Ha JIAOyHOB. AITOpUTHMBT 33 ThpCeHe
Ha, eKCTPEMYM OTHOBO CTaOWIM3MpPa CHCTEMaTa B TOYKA, B KOSITO A00UBHLT Ha OHO-
ra3 e makcumaseH. Hampasenn ca kommioTspau cumyiaanun B CKA Maple 13, kouto
MOTBbPZK,IAaBAT TEOPETUUHHUTE pe3yaraTh. JloKa3aHo € u ChbIeCTBYBaHETO Ha CTATHY-

7



Ha o0paTHa BPB3KA 33 ACHMITOTHUYHA CTAOWIH3AINS HA TOPHUSA JUHAMIIEH MOJIEI.
Ta3u obparHa Bpb3Ka CHIIO 3aBUCU CAMO OT MU3MEPUMHU B PEAJTHO BpeMe BEJTUYHHMU.
AJIrOpuTBHMBT 32 ThPCEHE Ha €KCTPEMYM CTabMIM3Hpa CHCTeMaTa B TOYKA, B KOATO
106HBBT Ha 6moras e MakcuMmaJsieH. Hampasenn ca u kommooTbpau cumyarmun B CKA
Maple 13, konTo norBbpzaBar epeKTUBHOCTTA Ha IIpe/jioxKeHaTa obparHa Bpb3Ka.

JlokazaTescTBara 3a CTAOMIN3UPYEMOCT Ha HEJWMHEHHW CUCTEMU Ce OCHOBaBaT HA TO-
CTposiBaHe Ha ABHU (pyHKIHH Ha JIAIyHOB Ha MOJAXOISAIIM MOJACUCTEMH Ha pPa3IJiezK-
JTaHUS MOJeN, KaTo ce IpujIara enwH pe3ynrar Ha Apsue u EGenbdayep ot 2010. Tosm
pe3yaTar e ob0DOIIeHNe Ha HPUHIKIA Ha Jlacan 3a WHBApMAHTHOCT U IMO3BOJSIBA OT
IOoBE€ACHUETO Ha IMOAXOJAINN IIOACHUCTEMHU Ha II'bpBOHa4YaJ/JIHATa CHCTEMa Ja HallpaBUM
M3BO/JI 32 MOBEJIEHNETO Ha IidjaTa cucreMa. Bede e mosrydeHo oOoOIeHne Ha TO3U pe-
3yJTAT B CTaTHsTA [22] OT IPUIOKEHHsI CIIUCHK 3a CJIydast Ha AudepeHInaInm BKI0Y-
BaHU.

CTaTHuu, CBbP3aHU C TEOPpHUATAa Ha KPUTHIHUTE TOYKHU.

Cratuure, KOUTO CBBP3aHU C TEOPUATA HA KPUTHYHUTE TOUYKH, ca ¢ HOMepa [51], [52],
[53], [55], [56], [57], [59] u [61] oT npumoxKeHus crucbK ¢ mybauKkanuu. B Ta3u Bpb3ka
IIe IpeCcTaBsd JIBa OCHOBHHU pPe3y/ITaTa:

[Tpe3 1995 r. Maprun [llexTep npejsiara HOBU WJieH, CBbP3aHN C BAPUAIMOHHUTE Me-
TO/M, W3BECTHU O nMeTo Karo "mianuacku npoxon'. TloctanoBkara Ha 3ajadara e
cneanara: Jdanenn ca dyuknuonan f: X — R, Kbjiero X € METPUYHO IIPOCTPAHCTBO,
bapuepa B C X, rpanmna A C X u MHO¥KecTBO oT mbTekn I C 2%, KonTo mmar
CJIEJIHATE CBOMCTBA;

a) v D A 3a Bcako y € [

6) yN B # () 3a Besxo v € T

B) 3a Besako v € I', 3a Besiko ¢ > 0 1 3a BCAKO 1) OT

(1]

={0 e C(X x[0,1],X : 6(z,t) = x 3a Bcaxo z € (X x {0}) U (A x [0,1])}

e B cuaa, de 1(7y,t) € I

B kracmaeckns "maanuackn npoxon" ¢pyrknmonansbr f e Cu e "sucox"Bupxy 6apu-
epara n "Hucbk" Bbpxy rpanunara A. Ilpu pesyarara za [llexTep ToBa He € HU3IIb/IHE-
HO - GapHepara e pa3jejieHa Ha JABe 9acTh: '"BHCOKA' JacT, KbAeTO (pYHKIHOHATHUTE
CTOHHOCTH Ca MO-TOJIEMH WU PABHU HA HETOBUTE CTOWHOCTH Ha TPAHHIATA U "HUCKA"
JacT, K'bJIeTO TOBa He e Taka. HezaBucumo ot ToBa, abcTpakTHHAT pe3yarar Ha [llex-
Tep IPeJIToaara CbIeCTBYBaHe HA TOYKA ¢ MPOU3BOIHO (DUKCHPAH MaTbK HAKJIOH, KO
"Huckara' gacT Ha mperpajara € J0CTATbYHO Jajied OT IpaHUIaTa. 10Ba € BayKHO 3a
HMPUIOKEHHETO Ha abCTPAKTHHSA Pe3y/ITaT 33 JOKa3BaHe Ha ChIIeCTBYBaHEe Ha peIleHHe
Ha HEeJMHEeHHN eTUITHYHN YacTHH IudepeHInaTHN ypaBHeHus. V3moa3Baiky nies Ha
Nodbde u MIsapuman or 1996 r., B craruure [53] u [59] e noaydeno o6obuienne na pe-
gysrara Ha Maprun Illextep. B ToBa 06001enre HaMa HUKAKBO IMPEJIIIOI0KEHHE 32
[JIAJKOCT WJIA JOPU HENMPEeK'bCHATOCT Ha ¢yHKIuoHaAa f. JlokazaTeacTBOTO ce OCHO-
BaBa Ha IOJXOJINA HOBa Bepchs Ha Kiaacudeckara " nedopmarnmonna Jjema'. Tosu
pPe3YATAT € IIbPBOTO TBbPIAEHHEe OT THUN Ha "IJIAHHHCKUS Tpoxona" 3a IpeKbCHATH
dYHKIMOHAJIH.

Hemmo moBeue, B crarusra [51] e mosyuen pesyarar ot tun Ha "TUIAHWHCKHS TPO-
xoi1" 3a MHOTO3HAYHU U300pazkenus: /la pasriesame e HOTO YaCTHO JudepeHITHaI-



HO BKJIIOYBAHE

—Au(z) € F(z,u(z),z € Q, ujpn =0,

Kb7eTo ) e orpanudena obmact B R" ¢ 4acTwdHO Taajka rpanuma, F(z,:) : R — R

€ MOJIYHENPEK'bCHATO OTTOPe MHOTO3HATHO M300pazkeHue ¢ KOMIAKTHU U W3IMIbKHAJIN

obpasu u ce Tbpcu pemtenne u € Hi (), takosa ye Au € L9(2) 3a naxoe q u —Au(z) €

F(z,u(z) 3a mouru Besiko x € §). Ilpeanonara ce, ge dbyukmunre min F': ) X R — R

u max F : Q) x R — R ca L X B usmepumu, Kbaero L e jieberopara o-ajarebpa u B e

dammausTa or GopeneBuTe MHOXKecTBa BbpXy R. Ilociennoro mpenmosoxkenue e, e
n—2

ChIIECTBYBA YUCJIO T € {O, m} U TOJIOKNTEJHH Yncja a n b, Taka de

|F(z,t)| :=max{|z| : z € F(z,t)} <a+0b|t|°.

Ja nedbwHIpaMe MHOTO3HaYHOTO M3o6paxkenune J : L°T! — R, karo chblocTaBsMe Ha

U MHOYKECTBOTO “
/ / f(z,s)ds | dz,
o \Jo

KbaeTo f(x,s) e mpousBoHA H3MepuMa cesteknust Ha F(x,s). OCHOBHUAT pe3y/Tar,
nosyder B [51], e ue kpuTHuHUTE TOYKK HA DYHKIMOHATA

1
I(u) = f/ lgrad u||?de — J(u)
2 Ja
Ca penieHusd Ha 9aCTHOTO ,ZLI/ICbepeH]_[I/IaJIHO BKJIIOYBaHE

—Au(z) € F(z,u(x),z € Q, ujpq =0.

Heobxoaumu yci0Bus 3a ONTUMAIHOCT B O€3KpailHO-MEPHH IPOCTPAHCTBA

Eropos nokaza nipe3 1964 r. mpuMep Ha 3aja49a Ha ONTUMAJIHOTO yIpaBjenue ¢ 6e3k-
paitHoMepHO $a30BO MPOCTPAHCTBO, 38 KONTO HEOOXOIUMHUTE YCIOBUS OT TUN HA MAaK-
cumyMma Ha [loHTparuH He ca m3mbiaHeHUW. To3W mpuMep MOKasza, ve ca HEOOXOIUMU
AOII'bJIHATEJIHA IIPEAIIOJIO2KCHU A, KOUTO Ja OCUTI'YPAT BaJIMJHOCTTA HA O6I/I‘{aIU/IHI/ITe He-
00XOIUMU YCJIOBUS 38 ONTHUMAJTHOCT.

B cratusTa (34| e pasriaegana GeskpaifHo-MepHA 3aa4a HA ONTHMATHOTO YIPaBJIe-
HU€ TIPU HAJIMYHNE HA TEPMUHAJIHUA OIPAHUYEHUS B ITPOU3BOJIHO HAHAXOBO MPOCTPAHCT-
Bo. CJies; BHUMATEIEH aHAIN3 HA M3I0JI3BAHATA BAPHUAIMOHHA TEXHUKA 33 J0KA3BaHEe
Ha HEOOXO/IMMH YCJIOBHUS 38 OINTUMATHOCT, MPeIINOI0KEeHNeTO 32 udepeHIInpyeMOCT
Ha HOpMaTa BbB (HA30BOTO MPOCTPAHCTBO (TUIMYHO NMPH MOJOOHU JOKA3ATEICTBA) €
oTCIabeHO ¢ TPENOoIoKeHU 3a oTaeauMocT. 1lokazano e, ge ycaoBmeTo 3a KpaiiHa
KOPa3MEePHOCT Ha MHOKECTBOTO OT BapHalu# BbB (ha30BOTO MPOCTPAHCTBO (TOBA YCJI0-
BH€ CHIIO € THIINIHO B C'HINECTBYBAIATA HAY IHA JINTEPATypa) He e HeoOxoauMo. Buvec-
TO HEro e IOCTATBIHO TOBA MHOYKECTBOTO OT BAPUAINH BB (pa30BOTO MPOCTPAHCTBO 1A
MMa Hellpa3Ha BbTPEITHOCT B 3aTBOpeHaTa My aduHHA 00BUBKA. OCHOBHUAT Pe3yJITaT
B Ta3W CTATUS € e€THO HOBO HEOOXOJUMO YCJIOBHE 3a ONTHUMAJTHOCT (OT THII Ha TPWH-
nuna Ha Makcumyma Ha [HonTpsirnn). Karo npusoxkenne na nosydenusi abcrpakTeH
pe3yaTaT e pa3rienaHa 3a/1a9a Ha ONTHMAJHOTO yIPaBJIeHHe 32 cIydas Ha Bb3PacTOBO
CTPYKTYypUpaHA CUCTEMA MPH HAJUYNUE HA MOTOYKOBU TEPMUHAJIHU OrPDAHUYICHUS.

Tesu usciaeBanns ca IpoibiazKeHn B 21|, K'beTo e HaMpaBeH OMUT 3a CHCTEMATH3a~
U HA PA3/IMYHUTE THIIOBE BAPUALIMH Ha, YIIPABJICHUETO, PA3L/ICKIAHN B JIUTEPATYPa-
ta. Tasyu crarusg mokasBa BaxkKHOCTTa Ha "paBHOMepHOCTTA'" Ha aIpOKCHMAIMATa Ha



JOCTUZKUMOTO MHOZKeCTBO QpeB JaJ€HO MHOXKEeCTBO OT BapI/IaHI/H/I Ha praBﬂeHI/IeTO. A
TOBA TI0 eJIMH eCTeCTBEH HAYWH BOAM 0 abCcTpakTHATa JeduHUNNAS HA ''DAaBHOMEPHO
MHOXKeCcTBO".

B cratusTa [17] e pasrieqana abcTpakTHaTa 3a/a9a 338 HEOTJETUMOCT Ha JIBE 3aTBO-
penn MHOXKecTBa. leduHupanu ca 3a JBe HOBU HOHSATHS 33 AIIPOKCUMHPAIIA KOHYCH.
OcHOBHUAT pe3y/aTaT e abcTpaKTHA TeopeMa Ha MHOKUTeuTe Ha Jlarpan:xk. Tasm cra-
T MOKa3a BayKHOCTTA HA TOHATHETO TPAHCBEP3ATHOCT HA JBe 3aTBOPEHN MHOYKECTBA
7 OTKPHU TTUPOKO TI0JIe 32 HOBU W3CJA€IBAHUS.

B crarusra [2| e BbBeJEHO NOHITHETO 3a TAHTE€HIMATHA TPAHCBEP3AJIHOCT Ha JBE
3aTBOPEHH IIOJIMHOYKECTBA OT OAHAXOBO HPOCTPAHCTBO. T0Ba € MEeXKIAMHHO CBOHCTBO
MEZK/IY CBOHCTBATA TPAHCBEP3ATHOCT W CyOTpaHcBepcagsnocT. M3nonssaiku ro, mosy-
JaBaMe MHOYKECTBO OT W3BECTHU PE3YJITATH, KAKTO M HIKOH HOBU DE3YJITATH 110 YHU-
dunupan nauut. /lokazano e u npaBujIo 3a MHOKUTeMTE Ha Jlarpanxk B abcrpakTHa
dbopma. B nokazarescrpara ce u3c/eBaT TAHTCHIIMATIHI YCJIOBUS B GAHAXOBHTE MPOCT-
pPaHCTBA BMECTO B TEXHWTE JyaJHH MPOCTPAHCTBA W HE Ce W3MOJ3BAT BapHAINOHHU
npuniunu. Cratusra [3] e mpoabikenue Ha cratusTa [2]. B Hesd e BbBeJAeHO MOHI-
THETO 33 CHJIHA TAHTEHIHATHA TPAHCBEP3AJIHOCT HA JIBE 3aTBOPEHU MOJMHOZKECTBA OT
6aHaxXoBO HPOCTPaHCTBO. TOBa € eCTeCTBEHO CBOWCTBO, OT KOETO CJIejBa CBOHCTBOTO
TPAHCBEP3AJTHOCT.

EcrecrBeno npoxbizkenne Ha Moty deHnTe abCTPAKTHH PE3YJITATH € Te 1A Ce IPHIOKAT
K'bM 33/a49a Ha ONTHMAJIHOTO yIPaB/eHne B KpaitHOMepHO (a30BO MPOCTPAHCTBO, HO
pa3Iiezk/1aHa KaTo ONTHMHU3ANNOHHA 33/a49a B 0E3KpaiiHOMEPHOTO IPOCTPAHCTBO OT
CbOTBETHHUTE TPaeKTOpHH. [I'bpBUAT HosyueH Bede pesyirar e ypasHeHue Ha Oitrep
3a OCHOBHATA 3aJada Ha BAPHAIMOHHOTO CMsTAHe, KOHTO ¢ MyOJIMKyBaH B CTATHITA
|14] or mpuiokenus CHUCHK.

Codus, 16.06.2021 r.

Jnipodecop nvu Muxawnn Banos Kpbheranos/
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