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1. HeobxoaumMu m A0CTATBHYHHN YCJOBUSA 32 ONTHMAJHOCT HA TPAHUIINTE HA
JleBeHINIElH.

IIpes 1996 r. B paborara |1] (cpaBropure lanso /Janes u Cunsus Bymosa mo ToBa Bpeme Osixa
crynentn BB @MU, Mo AUIIIOMAaHTH) € MOKA3aHA CIETHATA TeOpeMa.

Theorem 3.1 The bound Ly, (n,s) can be improved by a polynomial from A, s of degree at
least m + 1 if and only if Q;(n,s) < 0 for some j > m + 1. Moreover, if Q;(n,s) < 0 for some
Jj>m+1, then Ly (n,s) can be improved by a polynomial from A, s of degree j.

Taszu Teopema naBa HEOOXOIMMU W JTOCTATHIHN YCJIOBAA 34 TJIO0ATHA ONMTUMAJHOCT Ha, TPAHMU-
mure Ha JleBenmeitn (Buj sokaaHa omrumasHocT € m3pectia or 1980 r.). C apyru mxymwm, Teope-
MaTa JaBa HeO6XO/:LI/IMI/I U JOCTATHYHU YyCJOBUA 3a CHINECTBYBAHETO HA ITOJIMHOMU, HO,Z[O6pHBaH_H/I
ChOTBETHUTE rpaHuiy Ha Jlesenmeitn. Te3n ycaoBus ca u3caeIBaHu B ChIaTa CTATH, 8 METO 3a
KOHCTPYMPAHETO Ha IIO/XO/ISIINN TIOJMHOMY € [IPe/JIOZKEH 1peju ToBa B [2] (KakTo u guceprarnusra
mu mipe3 1993; Bk. cbio [10]). Teopemara e 06061merna mpes 1998 1. 3a MOTHHOMHUATHA METPUTHH
upocrpancrea B paborara [3].

Basknocrra ma Teopema 3.1 berre orbenszana oT camus JIeBeHIeH, KoWTo BKIOUN 000011Ie-
HUETO 3a TTOJUHOMUATHE METPUIHM TPOCTPAHCTBa B ryiasata [4], kosTo mammca 3a Handbook of
Coding Theory, karo Teopema 5.47 (¢ mMO-KpaTKo, HO TO-CHINECTBO HAINETO JOKA3ATEICTBO). B
kuaurata [5| Epukcon n 3uHoBHEB BK/IIOUMXa TeopemaTa Karo Teopema 2.6.1 (¢ mokazareacTBoro
or [1]), a & 2.6 e o3arasen "The Boyvalenkov-Danev-Bumova criterion".

Amnamosn wa Teopema 3.1 3a yHuBepcCaHE TDAHUIA 33 €HEPrHU Ha CEpUUIHU KOIOBe Osxa
nokazanu mpe3 2016 r. B paborara [6] (Bropara uact ma Teopema 3.1), Ha KozoBe B XeMUHTOBU
npocrpancrea B [7] n npes 2019 1. 3a eHepruu Ha KOJ0BE B IOJMHOMHUAIHNA METPUYHH IIPOCTPAHCTBA
B paborata [8]. Ilomoben pesynrar Gemre mokasan u or Kon-ge Kopceu-Aiiprann B [9] mpes 2018 .
NurepecHa cieasamma crbika e npejpioxkena or Capaapu-3aprap [17] B pabora, kosito 3acera e
camo B Arxiv.

Pa6orara [1] uma 41 nezasucumun nurupanus (15 or tax B Ckoryc).



2. YHuUBepCaJIHU I'PAaHUNN 34 €HEPrUu.

B paborara [6] e pa3BuTa TeXHHKA U € JOKa3aHa CJEJIHATA YHUBEPCATHA JIOJHA TPAHUIA 32
enepruu Ha chepuaHE KOMOBE.

Theorem 3.1 Let n, N be fized and h(t
T =17(n,N) is as in (18), and choose k = [T5

be an absolute monotone potential. Suppose that
il
and p;, i =1,...,k, as in (21). Then

Associate the quadrature nodes and weights «;

k
E(n,N;h) > Re(n, N;h) := N2~ pih(o). (1)
=1

Moreover, the polynomials defined by (i), respectively by (i), provide the unique optimal solution
of the linear program (11) for the subspace A = P, and consequently,

W(n,N,P:;h) = R:(n,N;h).

YHuBepcaaHOCTTa Ha rpaHunara (1) e B cmucbiaa va Jlepenmeitn [4] u ce nposBsiBa (1ombasa)
¥ B HAKOU JPYTH ACMEKTH. BCHIMHOCT TOBA ca 6e30POiHO MHOIO TPAHUIIN, KOUTO Ce TOJIYIaABAT 10
€JUH U CbIMY HAYUH, 8 Bb3JIUTE HA ONTUMAJTHOCT (y W TEIJIATA p; HE 3ABUCAT OT MOTEHITHAJaa h
(rakmBa, abCOOTHO MOHOTOHHU, TIOTEHIMAIN UMa Hen3Gpouso MuOTO). Hemo nosevwe, rpanunara
ce JIOCTHUIa TOTaBa W CaMO TOraBa, KOTATO Ce JOCTUra I'DAHUIATa Ha JIeBeHIIelH u, B 94aCTHOCT,
ce JIOCTUIa OT BCUYKU YHUBEPCAJIHO OnTuMasiHu KoHdurypanuu or paborara vHa Koun-Kywmap [11]
ot 2007 r. ¢ m3kmouenne Ha 600-xkaerxkara. [To To3m HaumH ropHaTa TEOpPEMa U CBHLP3AHUTE C Hed
pesynraru ot [6, 8, 13] obenungasar pasbupanusiTa 3a yHUBepaaHocT Ha Jleewmiein or 1990-te u
na Kon-Kywmap [11] or 2007 n uHakon ciegpany cratum Ha KoH u chaBTopH.

B wmonorpacdusta [12] I'taBa 5 e mocBereHa Ha IDAHUIMTE HA JHUHEHHOTO MPOrpaMUpAHE 32
eHepTun Ha CHEePUUIHU KOJOBE M Ha YHUBEPCAJHO ONTHMAJTHUTE cepudHr KOI0Be, Kato & 5.5 u
5.6 pasBuBaT TeopusTa n JoKa3BaT rpaxunara (1) (k. Teopema 5.6.5).

Texuukure ot [6] Gsixa pasBUTH W U3MOI3BAHN OT aBTOPHUTE 3a MOJIyJYaBaHE HA HOBU YHUBED-
CaJIHM IPAHMIM 32 KOJ0Be ¢ (pUKCUpaHu guamMeTsp u MommHocT [13, 15], kakTo u 3a obobiienne Ha
rpanunuTe Ha Jlesenmeitn [14, 10, 15].

Paborara [6] uma 10 HezaBucumu nurupanus (4 or tsax B Ckollyc), a npejixoxjamara st pabora
[16], kbaero rpannnara (1) e anoncupana, nva 6 Hesapucnmu rntupanust (5 or Tsax B Ckomyc).

3. NI3cnenBanma HA An3ailHU B NOJMHOMHMAJIHN METPUYHU IIPOCTPAHCTBA.

B cepust or paboru (Homepa [48,46,42,40-38,36-29,27,12 4| or cnucbKa ¢ paboTH IO KOHKYPCa)
ca pasryefany 3aa9u, CBbP3aHU CbC CTPYKTYPaTa HA ONTUMAIHA W OJU3KH 10 ONTHUMATHUTE
KOJIOBE U JM3affHN B Pa3/IMIHU TpocTpaHcTBa. [Ipemmoxenn ca [48,46,42,40] u ca mpuioxKeHn Me-
TO/H 33 TIPECMATAHE HA CIEKTPU (Pa3npesie/ieHne Ha, PA3CTOSHUSITA) HA TAKUBA KOJIOBE M IN3aiHMY,
KaTO Pe3yJITATATE JTABAT BaxKHU xapakrepusanuu [46,42,40,36,35,33,12.4|, a B HsAKOU ciiydan U pe-
3yJITaTi 3a HecbliecTByBane [48,46,42,40-38,34-29,27|. Hamepeno e [48] cumerpuuHOTO KOHTAKTHO



quciao 7, = 40 (To3u pesynrar or 1993 mopum u gocera He € MOBTOPEH OT HOBHUTE METOJH 33 MO-
JIYOITPEJIEJIEHO ONTUMUpAHe, KOUTO JOCTUrAT camo 110 42 kaTo ropHa rpanuina). JJokasana e [35]
eqmHCTBeHOCTTA Ha 11-am3aitna ¢be 120 ToYkm B 4-MEPHOTO €BKJINIOBO MPOCTPAHCTBO (BXK. Ch-
mo [36]). [losyuenn ca xapakTepusaluyu Ha HEJIWHEHHW KOJOBE C JiBe pascrostaus [12,4], Kouro
JOII'bJIBAT U3BCCTHUTEC TaKHBA 3ad JIMHeHHNn KOOO0Be.

3a BayXKHOCTTa Ha TE3W PE3YITATH CBHUIETEICTBA KazanoTo B Kuurara Algebraic Combinatorics
(Eiichi Bannai, Etsuko Bannai, Tatsuro Ito, Rie Tanaka), De Gryuter 2021: "Besides, there are
works of Boyvalenkov [105] and his school to improve the Fisher type lower bound for t-designs
([106, 107, 108, 104, 378]).... ... As subsequent developments, there are some works by the group
of Boyvalenkov [107, 108, 109] ... ".
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